Hybrid spin-mechanical setups offer a versatile platform for quantum science and technology, but improving the spin-phonon as well as the spin-spin couplings of such systems remains a crucial challenge. Here, we propose and analyze an experimentally feasible and simple method for exponentially enhancing the spin-phonon, and the phonon-mediated spin-spin interactions in a hybrid spin-mechanical setup, using only linear resources. Through modulating the spring constant of the mechanical cantilever with a time-dependent pump, we can acquire a tunable and nonlinear (two-phonon) drive to the mechanical mode, thus amplifying the mechanical zero-point fluctuations and directly enhancing the spin-phonon coupling. Our method allows the spin-mechanical system to be driven from the weak-coupling regime to the strong-coupling regime, and even the ultrastrong coupling regime. In the dispersive regime, this method gives rise to a large enhancement of the phonon-mediated spin-spin interactions between distant solid-state spins, typically two orders of magnitude larger than that without modulation. As an example, we show that the proposed scheme can apply to generating entangled states of multiple spins with high fidelities even in the presence of large dissipations.
Hybrid quantum systems combining completely different physical systems can realize new functionalities that the individual components can never offer [1, 2] . The strong coupling regime of interactions between these different subsystems, where coherent interactions dominate dissipative processes, is at the heart of implementing more complex tasks such as quantum information processing. However, couplings between different physical systems are often extremely weak, and strong coupling has been actively pursued since the birth of hybrid quantum systems.
Recently, interfacing solid-state spins with quantum nanomechanical elements has attracted great interest [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . This hybrid spin-mechanical system takes advantages of the long coherence time of solid-state spins and the enormous Q factors of nanomechanical oscillators [48] , and has wide applications ranging from quantum information processing to quantum sensing [49] . To construct a spin-mechanical setup, solid-state spin qubits like nitrogen-vacancy (NV) centers in diamond can couple to nanomechanical oscillators either through mechanical strain [3] [4] [5] [6] [7] [8] [9] [10] or via external magnetic field gradients [11] [12] [13] [14] [15] [16] . However, none of these existing systems have reached the strong coupling regime thus far and novel approaches are needed to improve the spin-phonon and the spin-spin interactions such that they can enter the strong coupling regime.
In this work, we introduce an experimentally feasible and simple approach that can exponentially enhance the spin-phonon, and the phonon-mediated spin-spin couplings in a spin-mechanical system using only linear resources. Our method exploits the periodic modulation of the spring constant of the nanomechanical cantilever with a time-dependent pump [50] . Through modulating the spring constant of the cantilever in time, we can acquire a tunable and two-phonon drive to the mechanical mode [50] , thus amplifying the mechanical zero-point fluctuations [51] [52] [53] [54] [55] [56] . This amplification directly enhances the spin-phonon magnetic or strain coupling but without the need to use additional nonlinear resources, in direct contrast to previous works in a different context, where a second-order nonlinear medium is often utilized [57] [58] [59] [60] . We show that the spin-mechanical system can be driven from the weak-coupling regime to the strong-coupling regime, and even the ultrastrong-coupling regime. When considering multiple solid-state spins coupled to the same cantilever in the dispersive regime [61, 62] , this method gives rise to a large enhancement of the spin-spin interactions between different spins, typically two orders of magnitude stronger than that without spring constant modulation. As an intriguing application, we show how this approach allow one to generate entangled states with high fidelities even in the presence of large dissipations. The proposed method is general, and can apply to other defect centers or solid-state systems coupled to a quantum nanomechanical element.
The setup.-We consider the spin-mechanical setup, as illustrated in Fig. 1 , where a single NV center is magnetically coupled to the mechanical motion of a cantilever with dimensions (l, w, t), via a sharp magnet tip attached to its end. By applying a periodic drive to modulate the spring constant of the cantilever [50] , the zero-point fluctuations of the mechanical motion can be amplified. This effect can be realized experimentally by positioning an electrode near the lower surface of the cantilever and applying a tunable and time-varying voltage to this electrode [50] . The gradient of the electrostatic force from the electrode has the effect of modifying the spring constant [63] .
For single NV centers, the ground-state energy level structure is shown in Fig. 1(b) . The ground triplet states |m s = 0, ±1 are the eigenstates of the spin operatorŜ z withŜ z |m s = m s |m s , and the zero-field splitting between the degenerate sublevels |m s = ±1 and |m s = 0 is D = 2π × 2.87 GHz. We apply a homogeneous static magnetic field B static to remove the degenerate states |m s = ±1 with the Zeeman splitting δ = 2g e µ B B static , where g e ≃ 2 and µ B = 14 MHz/mT are the NV's Landé factor and Bohr magneton, respectively. Then we apply the dichromatic microwave classical fields B ± x (t) (with frequencies ω + and ω − ) polarized in the x direction to drive the transitions between the states |0 and |± 1 . The Hamiltonian for describing the single NV center driven by the dichromatic microwave fields isĤ NV =
. The Hamiltonian for the nanomechanical resonator with a modulated spring isĤ mec =p 2 z 2M + 1 2 k(t)ẑ 2 , wherê p z andẑ are the cantilever's momentum and displacement operators, with effective mass M and fundamental frequency ω m . The spring constant of the cantilever is modified (pumped) at a frequency 2ω p by the electric field from the capacitor plate, k(t) = k 0 + k r (t), where k 0 = M ω 2 m is the fundamental spring constant, and the time-dependent correction item k r (t) = ∂F e /∂z = ∆k cos(2ω p t) [63] . Here, F e = ∂(C r V 2 )/(2∂z) is the tunable electrostatic force exerted on the cantilever by the electrode [50] , with C r the electrode-cantilever capacitance, and V (t) the time-dependent voltage, which is assumed to have the form V (t) = V 0 + V p cos 2ω p t. Then, we can obtain ∆k = (∂ 2 C r /∂z 2 )V 0 V p . Expressing the momentum operatorp z and the displacement operatorẑ with the oscillator operatorâ of the fundamental oscillating mode and the zero field fluctuation
where Ω p = −∆kz 2 zpf /2 is the classical drive amplitude. The HamiltonianĤ int = µ B g e G mẑŜz describes the magnetic interaction between the NV spin and the cantilever's vibrating mode, with the first-order gradient magnetic field G m = ∂ z B z induced by the vibrating magnet tip at the end of the cantilever. The total Hamiltonian for this hybrid system can be simplified as [63] 
where the coefficients are δ m = ω m − ω p and δ dg = ω dg − ω p . In this new basis {|d , |g }, we defineσ z ≡ (|d d| − |g g|),σ + ≡ |d g|, andσ − ≡ |g d| [11] . Note that the above model can also be realized for the case where NV spins are coupled to a nanomechanical cantilever via mechanical strain [63] .
Enhancing the spin-phonon interaction.-Considering the Hamiltonian (2), we can diagonalize the mechanical part ofĤ Total by the unitary transformationÛ s (r) = exp[r(â 2 −â †2 )/2], where the squeezing parameter r is defined via the relation tanh 2r = Ω p /δ m . Then, we can obtain the Rabi Hamiltonian in this squeezed frame [63] 
Here, ∆ m = δ m / cosh 2r. More importantly, we can obtain the exponentially enhanced spin-phonon coupling strength λ eff = λe r /2, which can be orders of magnitude larger than the original coupling strength as shown in Fig. 2(a) , and comparable with ∆ m and δ dg , or even stronger than both of them.
To quantify the enhancement of the spin-phonon coupling [64] , we exploit the cooperativity C = λ 2 /Γ m γ NV . Here, Γ m = n th κ m and γ NV correspond to the effective mechanical dissipation rates and the dephasing rate of the spin, respectively. Note that in the presence of the mechanical amplification, the noise coming from the mechanical bath is also amplified. To circumvent this detrimental effect, a possible strategy is to use the dissipative squeezing approach to keep the mechanical mode in its ground state in the squeezed frame [53, 65, 66] . This steady-state technique has already been implemented experimentally. In this case, we can obtain the master equation effectively in the squeezed frame [63] 
where Γ S m is the engineered effective dissipation rate. Therefore, we can also define the effective cooperativity C S = λ 2 eff /Γ S m γ NV . In Fig. 2 (a) we plot the cooperativity enhancement C S /C ∼ e 2r /4, as well as the spin-phonon coupling enhancement λ eff /λ, versus the squeezing parameter r. We find that increasing the parameter r enables an exponential enhancement in the spin-phonon coupling, thus directly giving rise to the cooperativity enhancement. Figures 2(b, c) show the quantum dynamics of the spin-mechanical system for the cases when the spring constant is modulated or not. As the spring constant is modulated, the system can be pumped and driven from the weak-coupling regime to the strong-coupling, or even the ultrastrongcoupling regime.
Enhancing the phonon-mediated spin-spin interaction.-We now consider multiple NV spins coupled to the cantilever through either magnetic or strain coupling. When the spring constant of the cantilever is modulated, we can obtain the following Hamiltonian describing the coupled system [63] 
In the following, we set δ j dg = 0 for simplicity. We apply the unitary polaron transformationÛ = e −iẐ toĤ N Rabi , with 
In this case, the phonons are only virtually excited and can mediate effective interactions between the otherwise decoupled solid-state spins [3, 13] . Then we can obtain the effective spin-spin interactions [63] 
where Λ jk = (1 + exp 4r) λ j λ k 8δm is the effective coupling strength between the jth and the kth NV spins via the exchange of virtual phonons. Here the effective coupling strength for the phonon-mediated spin-spin interactions has an amplification factor e 4r , and can be orders of magnitude larger than that without mechanical amplification. In the case of homogeneous coupling, we havê
where Λ = (1 + e 4r ) λ 2 8δm , andĴ x = N j=1σ j
x . This Hamiltonian corresponds to the one-axis twisting interaction [67] or equivalently belongs to the well-known Lipkin-Meshkov-Glick (LMG) model [68, 69] . Figure 3 shows the ratio of the enhanced spin-spin coupling strength Λ to the bare coupling Λ 0 as a function of the parameter r. Increasing the mechanical parametric drive gives rise to a large enhancement of the phononmediated spin-spin interaction, typically two orders of magnitude larger than the bare coupling. Note that since the phonon modes have been adiabatically eliminated, this amplified spin-spin coupling does not rely on the specific frame of phonons. This large, controllable phononmediated interaction between NV spins is at the heart of realizing many quantum technologies such as quantum computation and simulation.
Applications.
-We now consider generating entangled states with this setup in the presence of dissipations. Here, we focus on entangling multiple separated NV spins through exchanging virtual phonons. We consider N NV centers couple to the mechanical mode of the cantilever through magnetic or strain couplings. We assume these NV centers are homogeneous and set δ j dg = 0 and λ j eff = λ eff for simplicity. Then, we can obtain the Hamiltonian in the interaction picture with the form [63] 
The dynamics of the system is governed by the unitary evolution operatorÛ IP (t) = exp(−iĤ S IP t). Taking advantage of the Mangnus formula, we can getÛ IP (τ ) ≃ exp(−iλ 2 effĴ 2
x τ /∆ m ) when τ = 2π/∆ m . This means that the mechanical mode is decoupled from the NV spins at this moment. Note that as this operator has no contribution from the mechanical modes, thus in this instance the system gets insensitive to the states of the mechanical modes. On the other hand, the one-axis twisting Hamiltonian (5) can be used to produce spin squeezed states which generally exhibit many-body entanglement. This is quantified by the spin squeezing parameter [70] 
, where n ⊥ refers to an axis perpendicular to the mean-spin direction, and the term "min" is the minimization over all directions n ⊥ . When ξ 2 < 1, the states can be shown to be entangled. Figure 4 displays the fidelity F of the target entangled states and the concurrence C for the case of two NV spins varying with the evolution time and the squeezing parameter r. Starting from the initial state |ψ S 1 (0) = |0 |gg , we can obtain the target entangled state of two NV spins with the form |ψ NV T1 = 1/ dephasing, we find that, the fidelity F and concurrence C, as well as the spin squeezing parameter ξ 2 can be improved significantly by increasing the mechanical amplification parameter r. Without mechanical amplification, the entangled state produced is seriously spoiled by the detrimental decoherence. However, when modulating the spring constant of the mechanical cantilever and increasing the pump amplitude Ω p to a critical value, the quality of the produced entangled state and the speed for generating it can be greatly improved.
Experimental feasibility.-To examine the feasibility of this proposal for experiments, we consider a silicon cantilever with dimensions (l = 6, w = 0.1, t = 0.05) µm. The fundamental frequency and the zero-field fluctuation can be expressed as ω m ∼ 3.516 × (t/l 2 ) E/12̺ ∼ 2π × 11 MHz (with its quality factor Q about 10 5 -10 6 ) and z zpf = /2M ω m ∼ 2.14 × 10 −13 m, with Young's modulus E ∼ 1.3 × 10 11 Pa, the mass density ̺ ∼ 2.33 × 10 3 kg/m 3 , and effective mass M ∼ ̺lwt/4. We assume that the magnetic tip has a transverse width of 50 nm, longitudinal height of 100 nm, and a radius of curvature of the tip ∼ 20 nm. A single NV center is placed just on the top of this magnet tip a distance h ∼ 25 nm. The first-order gradient magnetic field caused by the sharp magnetic tip is about G ∼ 1.7 × 10 7 T/m. We can obtain the magnetic coupling strength between the cantilever and the NV spin as λ/2π ∼ 0.1 MHz.
We assume that the pump frequency and the amplitude are respectively ω p /2π ∼ 10 MHz and Ω p /2π ∼ 1 MHz [71] [72] [73] [74] [75] [76] [77] . In this protocol, the squeezing parameter satisfies r ∈ [0, 5], and then we can obtain the effective spin-phonon coupling λ eff ∼ 100λ and the effective spinspin coupling Λ ∼ 100Λ 0 ∼ 10λ. On the other hand, the single NV spin decoherence in diamond is mainly caused by the coupling of the surrounding electron or nuclear spins, such as the electron spins P1 centers, the nuclear spins 14 N spins and 13 C spins. With the development of the dynamical decoupling techniques, the dephasing time for a single NV center in diamond is about T 2 ∼ 1/γ N V ∼ 1 ms. Based on the above parameters, the time for transferring the NV spins' ground state adiabatically from the separate state to the entangled cat state will be about t f ∼ 50 µs. Thus, the coherence time is sufficient for achieving the desired target states in this work [78] [79] [80] [81] [82] [83] .
Conclusion.-In this work, we propose an experimentally feasible and simple scheme for exponentially enhancing the spin-phonon and the spin-spin interactions in a spin-mechanical system with only linear resources. We show that, by modulating the spring constant of the mechanical cantilever with a time-dependent pump, the mechanical zero-point fluctuations can be amplified, giving rise to a large enhancement of the spin-phonon and the phonon-mediated spin-spin interactions. The proposed method is general, and can apply to other defect centers or solid-state systems such as silicon-vacancy center (SiV), germanium-vacancy center (GeV), and tinvacancy center (SnV) in diamond [84] [85] [86] [87] [88] [89, 90] .
SUPPLEMENTAL MATERIAL:
In this Supplemental Material, we first present more details on realizing the mechanical parametric amplification (MPA) through modulating the spring constant of the cantilever with a time-dependent pump in our setup. Second, we derive the total Hamiltonian of this hybrid system and discuss the basic idea of enhancing the spin-phonon and spin-spin coupling at the single quantum level. Meanwhile, we also show detailed descriptions and discussions on the validity of the effective Rabi model in this work. Third, we discuss two specific applications of the spin-mechanical setup with the proposed method, i.e., adiabatically preparing Schrödinger cat states and entangling multiple separated NV spins via exchanging virtual phonons. Finally, we present some discussions on applying the basic idea to enhance the strain coupling between the NV spins and the diamond nanoresonator.
Realizing MPA through modulating the spring constant
In this scheme, in order to realize MPA, we apply the periodic drive to modulate the spring constant of the cantilever. This can be accomplished by positioning an electrode near the lower surface of the cantilever and applying a tunable time-varying voltage. As shown in Fig. 1(a) in the main text, the electrode materials are homogeneously coated on the lower surface of the cantilever, and another electrode plate with the tunable oscillating pump is placed just under the cantilever. The Hamiltonian of this mechanical system with the time-dependent spring constant iŝ
The gradient of the electrostatic force from the electrode has the effect of modifying the spring constant according to k(t) = k 0 + k r (t), with k 0 = ω 2 m M the unperturbed fundamental spring constant and the time-varying pump item
Here, F e = ∂(C r V 2 )/(2∂ẑ) is the tunable electrostatic force exerted on the cantilever by the electrode,ẑ is the cantilever displacement, ∆k is the pump amplitude, and 2ω p is the pump frequency. Therefore, these two electrode plates form a general parallel-plate capacitor, and its capacitance is C r = εS/(d+ẑ). Here, ε ≡ ε 0 ε r is the permittivity, ε 0 and ε r are the vacuum and the relative permittivity, respectively, S is the effective area, and (d +ẑ) is the distance between the two plates. Here we assume the voltage V = V 0 + V p cos 2ω p t with V 0 > V p . Substituting this into (S2) and keeping only the 2ω p item, we can obtain the time-varying spring constant
Defining the displacement operatorẑ = z zpf (â † +â) with the zero field fluctuation z zpf = /2M ω m , we can quantize the Hamiltonian of the cantileverĤ mec ( = 1),
where ω m = k 0 /M is the fundamental frequency, and Ω p = −∆kz 2 zpf /2 is the nonlinear drive amplitude. As a result, utilizing this method, we obtain the second-order nonlinear drive through modulating the spring constant in time. As illustrated in Fig. S1 , we plot this nonlinear amplitude Ω p varying with the distance d between this two electrode plates.
Note that we can tune the spring constant of this mechanical resonator through modifying V , ε, S, and d. Therefore, we can assume that ∆k is a time-independent constant (∂ t ∆k = 0) for the case of exponentially enhancing the spinphonon and spin-spin couplings in this spin-mechanical system. On the other hand, to ensure the adiabaticity of this dynamical process and to accomplish the adiabatic preparation of the Schrödinger cat state, we can also assume that ∆k(t) is a slowly time-varying amplitude (which means ∂ t ∆k ≈ 0). For these two different cases, we will make specific discussions in the following sections. cantilever's fundamental frequency ω m . Because ω m is much smaller than the energy transition frequency (ω m ≪ D ± δ/2), we can ignore the far-off resonant interactions between the NV spin and the gradient magnetic fields along the x and y directions. In the rotating frame at the frequency ω m , the Hamiltonian for describing the magnetic interaction between the mechanical mode and the single NV center iŝ
where λ 0 = 2µ B g e G m z zpf is the magnetic coupling strength. For a single NV center, we can obtain the Hamiltonian in the rotating frame with the microwave frequencies ω ± ,
where ∆ ± ≡ |D − ω ± ± δ/2| and Ω ± ≡ g e µ B B ± 0 / √ 2. For simplicity, we set ∆ ± = ∆ and Ω ± = Ω in the following discussions. The Hamiltonian (S5) couples the state |0 to a "bright" state |b = (|+ + |− )/ √ 2, while the "dark" state |d = (|+ − |− )/ √ 2 is decoupled. The resulting eigenbasis ofĤ NV is therefore given by |d and the two dressed states |g = cos θ|0 − sin θ|b and |e = cos θ|b + sin θ|0 , where tan(2θ) = − √ 2Ω/∆. Under this dressed basis, we acquire the eigenfrequencies ω d = −∆, and ω e/g = (−∆ ± √ ∆ 2 + 2Ω 2 )/ √ 2. The energy level diagram of the dressed spin states is illustrated in Fig. 1(c) . The parameters Ω and ∆ are adjustable, and we can get the suitable energy level which is comparable with the frequency ω m . Therefore, we obtain the total Hamiltonian
where the parameters are expressed as ω eg = ω e − ω g , ω dg = ω d − ω g , λ = −λ 0 sin θ and λ ′ = λ 0 cos θ. Utilizing the unitary transformationÛ 0 (t) = e −iĤ0t withĤ 0 = ω p (â †â + |e e| + |d d|), we can simplify the Hamiltonian for this hybrid system by dropping the high frequency oscillation items and the constant items,
In this new basis {|d , |g }, we defineσ z ≡ (|d d| − |g g|),σ + ≡ |d g|, andσ − ≡ |g d|, with δ m = ω m − ω p and δ dg = ω dg − ω p .
Enhanced spin-phonon coupling at the single quantum level
Considering the Hamiltonian (S8), we can diagonalize the mechanical mode ofĤ Total by the unitary transformation U s (r) = exp[r(â 2 −â †2 )/2], where the squeezing parameter r is defined via the relation tanh 2r = Ω p /δ m . We can obtain the Hamiltonian in the squeezed frame with the form
In this squeezed frame,Ĥ S Rabi is the Hamiltonian for describing the Rabi model, with ∆ m = δ m / cosh 2r. InĤ S Rabi , we can obtain the exponentially enhanced coupling strength λ eff ≈ λe r /2, which will be comparable with ∆ m and δ dg , or even stronger than both of them when increasing r. The remaining HamiltonianĤ S D describes the undesired correction to the ideal Rabi Hamiltonian. This item (with coefficient λe −r /2) is explicitly suppressed when we increase the squeeze parameter r, and it is negligible in the large amplification regime 1/e r ∼ 0. Therefore, for enhancing the spin-phonon magnetic coupling through MPA, we can neglect the influence caused byĤ S D in this scheme. To verify the discussions above, we make numerical simulations and present the results in Fig. S2 . The initial state is chosen as |Ψ S (0) = |0 phonon |g spin ≡ |0 |g , for different types of HamiltonianĤ S Total andĤ S Rabi . The time evolution of the average phonon numbersâ †â and spin populationσ z is displayed in Fig. S2 (a) and (b). We find that, in spite of the negative influence caused byĤ S D inĤ S Total , the dynamical process given byĤ S Total maintain a high degree of consistency with the standard Rabi modelĤ S Rabi . Therefore, in this work, we have acquired the effective Rabi type spin-mechanical interaction with the exponentially enhanced coupling strength λ eff ≈ λe r /2.
Here we note that, in the presence of parametric amplification, the noise coming from the mechanical bath is also amplified inevitably. This adverse factor could corrupt any nonclassical behaviour induced by the enhanced spin-motion interaction. To circumvent this detrimental effect, a possible strategy is to use the dissipative squeezing method to keep the mechanical mode in its ground state. Therefore, taking the effective dissipation rate Γ S m and the dephasing rate γ NV into consideration, in this squeezed frame we can obtain the master equation as folloẇ
where D[x]ρ =xρx † −x †xρ /2 −ρx †x /2. Here we assume that the effective dissipation rate Γ S m is comparable with the dephasing rate γ NV in the following numerical simulations.
By setting the parameters as δ m = 2λ and δ dg = 0 in HamiltonianĤ S Rabi , we plot the time-varying fidelity for the quantum states of one NV spin (|g and |d ) and the phonon mode (|n , n = 0, 1, 2, · · · ) in Fig. S3 . Here, the fidelity for the quantum states of NV spin and phonon mode are respectively expressed as F l NV (t) = l|ρ NV prace (t)|l 1/2 (l = g, d) and F phonon (t) = n|ρ phonon prace (t)|n 1/2 . We show that, without MAP ( r = 0) in Fig. S3(a) , we can obtain the relative weak oscillation curves for both the NV spin and the mechanical mode. However, when we increase this parameter from r = 0.5 to r = 2.0, corresponding to Fig. S3(b )-(f), the amplitude of the time-varying fidelity for the NV spin and phonon mode becomes much larger. Furthermore, the interval period for these oscillations can also be substantially shortened with the rate ∼ e r when we increase r. These results indicate that, we can realize the exponentially enhanced strong spin-phonon coupling at the single quantum level in this scheme. 
Enhancing the phonon-mediated spin-spin interaction
We consider a row of separated NV centers (the spacing is about ∼ 100 nm) magnetically couple to the same mechanical mode of the cantilever, as illustrated in Fig. S4 . According to Eq. (3) in the main text, we can obtain the total Hamiltonian,Ĥ
(S13)
Applying the same unitary transformationÛ s (r) toĤ Total , then we can obtain the valid and effective Rabi Hamiltonian by discarding the weak interaction terms in this squeezed frame.
For simplicity, we set δ j dg = 0 for each NV spin, and apply another unitary transformationÛ = exp(−iẐ) toĤ N Rabi in Eq. (S14), withẐ = i Dicke parameter used in the ion trap system. We can obtain the effective spin-spin interactions through exchanging the virtual phonons in this spin-mechanical system, with the constraint η k ≪ 1, which corresponds to δ m ≫ λe 3r /4. When we increase the squeezing parameter r, λ eff will be naturally enhanced with a rate ∼ e r . Meanwhile, the parameter ∆ m will be reduced with a rate ∼ e 2r . In order to acquire the indirect spin-spin couplings via the virtual phonon process, we require ∆ m ≫ λ eff , which corresponds to the Lamb-Dicke condition η k ≡ η ≪ 1. To obtain the strong spin-spin coupling and ensure the validity of the virtue-phonon process, we plot the numerical results and find the valid area (the yellow area) in Fig. S5 . We also point out that the yellow area with red solid dots is the optimal regime for the value of δ m , which corresponds to the condition 0.1 ≤ η ≤ 0.2.
Eliminating the mechanical mode from the dynamics, we can get the effective spin-spin interactions,
where Λ jk = λ j eff λ k eff ∆m ≈ (1 + e 4r ) λ j λ k 8δm is the effective coupling strength between the jth NV spin and the kth NV spin. In the case of homogeneous coupling, we haveĤ
x . This Hamiltonian corresponds to the one-axis twisting interaction or equivalently the well-known Lipkin-Meshkov-Glick (LMG) model. This one-axis twisting Hamiltonian can be used to produce spin squeezed states which generally exhibit many-body entanglement. In which, the initial states for this four NV spins and the phonon mode are |g 1|e 2|g 3|e 4 and |0 phonon , respectively, and the coefficients are r = 1.25, δm = 60λ, and γ j NV = Γ S m = 0.01λ. For homogeneous spins (no disorder), we assume δ j dq = 0 and λ j = λ; while for inhomogeneous spins (disorder), we set the disorder distributions with {δ 1 dq = −0.03λ, δ 2 dq = 0.03λ, δ 3 dq = 0, δ 4 dq = −0.02λ} and {λ 1 = 1.03λ, λ 2 = 0.98λ, λ 3 = 0.99λ, λ 4 = 1.01λ}.
Taking the effective mechanical dissipation Γ S m and the dephasing rate γ j NV into consideration, we can also write the master equation as followρ
In the following numerical simulations, we assume that the effective mechanical dissipation rate Γ S m is comparable with the dephasing rate γ j NV . Here, we take the systematic disorder into consideration for the realistic experimental implementation, and assume δ j dq = 0 ± ∆δ j dq and λ j = λ ± ∆λ j are both inhomogeneous. We constrain the disorder factors ∆δ j dq and ∆λ j to less than %5 of λ. Under the Hamiltonian H N Rabi and H x Ising with different conditions (homogeneous and inhomogeneous NV spins), the simulation results for the population in the ground states |g j for these four NV centers are plotted in Fig. S6 . We find that, even taking disorder into consideration, the effective Ising Hamiltonian can give rise to the results very close to those given by the Rabi Hamiltonian. Based on these results, we can accelerate the dynamical process exponentially with a rate ∼ e 4r , which also provides us the most reliable and straightforward evidence for realizing the exponentially enhanced spin-spin couplings.
Preparing the Schrödinger cat state adiabatically
According to the discussions above, we can also assume that the amplitude of the pump is a slowly time-varying parameter, which can be modified slowly enough to ensure the adiabaticity during this dynamical process (the timevarying rate satisfies ∂ t ∆k ≪ ω m,p , δ m , λ). Then Eq. (S8) can be expressed as folloŵ
where Ω p (t) = −∆k(t)z 2 zpf /2 is the time-dependent nonlinear amplitude. Here we can also diagonalize the mechanical mode in the time-dependent HamiltonianĤ Total (t) by the similar unitary transformationÛ s [r(t)] = exp[r(t)(â 2 − a †2 )/2], with tanh 2r(t) = Ω p (t)/δ m . Then we can obtain the total Hamiltonian in this time-varying squeezed frame,
Here,Ĥ S Rabi (t) is the Hamiltonian for describing the time-dependent Rabi model, with the parameter ∆ m (t) = δ m / cosh 2r(t) and the coupling strength λ eff (t) ≈ λe r(t) /2. The remaining termsĤ S D (t) andĤ S V (t) describe the undesired corrections to the ideal Rabi Hamiltonian. Similar to the discussion above, the itemĤ S D (t) with the coefficient λe −r(t) /2 is negligible when we increase r(t). While the other correction termĤ S V (t) with the coefficient iṙ(t)/2 vanishes explicitly with a time-independent (ṙ(t) = 0) drive amplitude. Here, we can tune the driving amplitude Ω p (t) slowly enough to satisfy the relationṙ(t) ≈ 0. Therefore, we can also neglect the influence caused bŷ H S D (t) during this dynamical process.
To confirm the discussion and analysis above, we also carry out the numerical simulations, and plot the evolution results in Fig. S7 . Based on the HamiltoniansĤ S Total (t) andĤ S Rabi (t), the dynamical populations ofâ †â andσ z are plotted in Fig. S7(a) and (b), respectively. We find that, in spite of the negative influence caused byĤ S D (t) and H S V (t), the dynamical results induced byĤ S Total (t) are very close to those obtained from the standard Rabi model H S Rabi (t). Therefore, maintaining the adiabaticity in the whole system,Ĥ S Rabi (t) is still effective and valid to describe this spin-phonon interaction in this squeezed frame.
Considering the HamiltonianĤ S Rabi (t) in Eq. (S20), we can obtain the time evolution operator aŝ
whereT is the time-ordering operator. By setting δ dg = 0 and utilizing the Magnus expansion, we can further simplify Eq. (S23) and haveÛ S where the time-dependent complex parameter is expressed as
We assume that this spin-mechanical system is initially prepared in the ground state |Ψ S (0) = |0 |g , and then apply this evolution operatorÛ Rabi (t) to the initial state |Ψ S (0) . Finally, we can obtain the target entangled cat state of the single NV spin and the mechanical mode
where the states | ± α(t) are the coherent states of the phonon mode, and the states |± x correspond to the two-level states in theσ x representation, with the definition |± x ≡ (|d ± |g )/ √ 2. Therefore, during this dynamical process with the Rabi interactionĤ S Rabi (t) from t = 0 to t = t f , we have acquired an effective adiabatic passage between the ground state |0 |g and the target state |Ψ S Target (t f ) . Here we have discarded the negligible adverse factors induced by theĤ S D (t) andĤ S V (t). To confirm this theoretical analysis and the robustness of this scheme, we make numerical simulations according to the master equatioṅ
where γ NV is the dephasing rate, and Γ S m is the effective dissipation rate in the squeezed frame. We simulate this dynamical evolution with two types of HamiltonianĤ S Rabi (t) andĤ S Total (t), and plot the numerical results in Fig. S8 . We find that, the fidelity reaches unity when the effective dispassion and the dephasing rate satisfy γ ≤ 0.001λ, while it decreases to 0.97 when γ ≤ 0.01λ, and then decreases to about 0.88 when γ ≤ 0.05λ. Furthermore, the dynamical fidelity obtained fromĤ S Rabi (t) (the solid line with open symbols) is in good agreement with that fromĤ S Total (t) (the solid line with solid symbols).
Entangling multiple NV spins
This spin-mechanical system with exponentially enhanced coupling strengths could allow us to carry out more complex task: entangling multiple separated NV spins through exchanging virtual phonons. Here we consider N separated NV centers (the spacing is about ∼ 0.1 µm) magnetically couple to the same mechanical mode of the cantilever. In this case, according to Eq. (S8), we can obtain the total Hamiltonian
Applying the same unitary transformationÛ s (r) toĤ Total , then we can obtain the effective Rabi Hamiltonian by discarding the weak interaction terms in the squeezed framê
where the coefficients are ∆ m = δ m / cosh 2r, δ j dg = ω j dg − ω p and λ j eff ≈ λ j e r /2. By setting δ j dg = 0 and λ j eff = λ eff for simplicity, we can obtain the Hamiltonian in the interaction picture with the form
in whichĴ α ≡ N j=1σ j α are the collective spin operators with α = {x, y, z}. The dynamics of the system is governed by the unitary evolution operatorÛ IP (t) = exp(−iĤ S IP t). Taking advantage of the Mangnus formula, we can getÛ IP (τ ) ≃ exp(−iλ 2 effĴ 2
x τ /∆ m ), with τ = 2πn/∆ m for the integer number n. This result means that the mechanical mode is decoupled from the NV spins at that moment. 
Then we can make numerical simulations on the dynamical process (to entangle the NV spins) according to equation (S30). Another application of this scheme is to engineer these collective NV spins into the spin squeezed state through the one-axis twisting spin-spin interaction. Due to the computing resources, we choose the number of the NV spins as N ≤ 10 for numerical simulations. To quantify the spin squeezed state, we use the spin squeezing parameter
where n ⊥ refers to an axis perpendicular to the mean-spin direction, and the term "min" is the minimization over all directions n ⊥ . The first step is to determine the mean-spin direction n 0 by the expectation values Ĵ α , with α ∈ {x, y, z}. We write n 0 with spherical coordinates n 0 = (sin θ cos φ, sin θ sin φ, cos θ), and this description is equivalent to the coherent spin state |θ, φ . We can get the other two orthogonal bases which are perpendicular to n 0 , n 1 = (− sin φ, cos φ, 0), (S32) n 2 = (cos θ cos φ, cos θ sin φ, − sin θ).
Hence, n ⊥ = n 1 cos β + n 2 sin β is the arbitrary direction vector perpendicular to n 0 , and we can find a pair of optimal quadrature operators by tuning β. Then we get two components of angular momentum,
J n2 = cos θ cos φĴ x + cos θ sin φĴ y − sin θĴ z .
As a result, we acquire the expression of optimal squeezing parameter
where Cov(Ĵ n1 ,Ĵ n2 ) = 1 2 Ĵ n1Ĵ n2 +Ĵ n2Ĵ n1 .
We can distinguish between spin coherent states and spin squeezed states distinctly for this NV center ensemble according to ξ 2 = 1 or ξ 2 < 1. When ξ 2 < 1, the states can be shown to be entangled. And the numerical results in the main text show that these collective NV spins can be steered into the spin squeezed state more quickly as we increasing the squeezing parameter r. 
Enhancing the strain-induced coupling between NV centers and nanomechanical resonators
Defining the displacement operatorẑ = z zpf (â † +â) with the zero field fluctuation z zpf = /2M ω m , we can quantize the HamiltonianĤ mec ( = 1),Ĥ mec = ω mâ †â − Ω p cos(2ω p t)(â † +â) 2 ,
where ω m = k 0 /M is the fundamental frequency, and Ω p = −∆kz 2 zpf /2 = 2V 0 V p εS/(d +ẑ) 2 × z 2 zpf /2 is the nonlinear drive amplitude. As a result, utilizing this method, we can obtain the second-order nonlinear interaction through modulating the spring constant in time.
In this case, we can obtain the total Hamiltonian with the same expression as the magnetic coupling schemê
where the coefficients are respectively δ m = ω m − ω p and δ j ± = δ j B − ω p . Considering the Hamiltonian (S42), we can also diagonalize the mechanical mode by the unitary transformationÛ s (r) = exp[r(â 2 −â †2 )/2]. Define the squeezing parameter r via the relation tanh 2r = Ω p /δ m . As a result, we obtain the Rabi Hamiltonian effectively in the squeezed frame,Ĥ
The coefficients ∆ m = δ m / cosh 2r and δ j ± correspond to the free Hamiltonian of the mechanical mode and the NV spins in the squeezed frame. Furthermore, we can also obtain the exponentially enhanced spin-phonon coupling strength λ eff ∼ λe r in this new frame, which can be comparable with ∆ m and δ j ± , even stronger than both of them. As discussed in the previous section, we can easily tune the amplitude Ω p of this nonlinear pump through modifying ε r , V 0 V p , S, and d. Therefore in this scheme we can achieve Ω p varying with the regime from ∼ 2π × 1kHz to ∼ 2π × 0.1GHz. As a result, we can explore the same idea to enhance the spin-phonon and spin-spin interactions in this strain coupling system.
